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Abstract

We show that the distance measure implied by the recently proposed Chatterjee
coefficient of correlation can violate the triangle inequality, both in theory and in
practice.
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1 Introduction

Correlation measures are central objects of study in statistics. They are designed to quan-
tify the relationships between variables, which is essential to understand latent patterns
in data. Traditional correlation measures include the Pearson and Spearman coefficients.
The former quantifies linear relationship between variables whereas the latter quantifies
monotonic relationships. Correlation measures are ubiquituous and find applications in
various fields including econometrics, social sciences, machine learning, etc.

Recently |Chatterjee| (2021)) proposed a simple estimator of a correlation coefficient be-
tween two random variables that has an asymptotic theory under the hypothesis of in-
dependence (Lin and Han (2022a) extended this result beyond the independent case), it
is non-parametric, robust to outliers, and performs well in non-linear and non-monotonic
settings, thus offering many advantages over Pearson and Spearman coefficients.

Let (X,Y) be a pair of random variables such that Y is non-constant, and let the pairs
(X1,Y1),...,(X,,Y,) be independent samples from (X,Y). Without loss of generality,
suppose X; < --- < X,,, which can be achieved by appropriately rearranging the samples.
Define r, = #{j | Y; < Yi} and ¢, = #{j | Y; > Y;}. |Chatterjee| (2021 proposed the

following estimator:

e 2% biln— ;)

and showed that, as n goes to infinity, it converges almost surely to the following measure

of dependence first introduced by Dette et al.| (2013):

Y = e o A0 A (1)

where fy is the PDF of Y and, for a proposition P, 1;py is 1 if P is true and 0 if P is false.

We call £(X,Y) the (asymmetric) Chatterjee correlation coefficient. We remark that
some past works have used this nomenclature for the estimator &, rather than for the
measure of dependence ¢ (Lin and Han, |2022b). However, our usage is consistent with
more recent works (Bticher and Dette, 2024; |Ansari and Fuchs, 2025} |Ansari et al.l 2025)).

This coefficient is always bounded in [0, 1] and, specifically, £(X,Y) = 0 if and only if
X and Y are independent, and £(X,Y) = 1 if and only if Y is a measurable function of X
(Chatterjee, 2021, Theorem 1.1). Note that the coefficient is not symmetric in general.
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Chatterjee (2021]) also proposed the following symmetric version of the coefficient:
¢(X,Y) = max{{(X,Y), (Y, X)}.

For this symmetric version, £'(X,Y) = 1 if and only if Y is a measurable function of X or
X is a measurable function of Y.

A desirable property for a correlation coefficient, which is a similarity measure, is tran-
sitivity. Informally speaking, transitivity says that if variable X is correlated with variable
Y, and variable Y is correlated with variable Z, then variable X should be (reasonably)
correlated with variable Z. Transitivity of correlation coefficient makes the similarity rela-
tionship among variables both interpretable and coherent.

The triangle inequality can be seen as the distance-analog of transitivity. It says that
for any three points (or variables) X, Y, Z, the distance from X to Z cannot exceed the
sum of the distances from X to Y and from Y to Z. The triangle inequality is a highly
desirable property of distance functions.

For instance, many clustering algorithms on metrics are able to provide guarantees
on the quality of the returned clustering, thanks to the triangle inequality. Clustering
is extremely useful in Machine Learning — in particular, it is used for feature selection
tasks, as well as for grouping and/or nearest neighbor tasks. The Chatterjee correlation
coefficients can naturally be transformed into the distance d(X,Y) = 1 — ¢(X,Y) and
d(X,)Y) =1-=¢(X,Y). This type of transformation has been extensively used in the
literature, e.g., for the Jaccard coefficient /distance and the cosine similarity; see (Charikar,
2002). More recently, researchers have been studying the performance of clustering al-
gorithms using distances based on Chatterjee’s correlation coefficient (Fuchs and Wang),
2024).

In this paper, we study the metricity of the (directed) distance function obtained from
the (asymmetric) Chatterjee coefficient, that is, we ask whether that distance satisfies the

(directed) triangle inequality or, in other words, if the distance is a (quasi-)metric.

Our Contributions. Our main result is that the distance function implied by the sym-
metric Chatterjee coefficient, d’'(X,Y’) is not a metric. Indeed we show that not only d' can

violate the triangle inequality, but also that the violation can be arbitrarily large.



A more general way to obtain a distance function from the coefficient of correlation is
to consider d.(X,Y) = c—¢'(X,Y), for some constant ¢ > 1. We show that d., satisfies the
triangle inequality if and only if ¢ > 2.

A related question is whether the asymmetric distance function, d(X,Y’), is a quasi-
metric. And, for the symmetric case, one can ask whether aggregators other than max
make the resulting distance a metric. For example, min{&(X,Y),&(Y, X)} or w
are also symmetric coefficients which induce the symmetric distances d,;, and d,, in the
natural way. We show that the triangle inequality can be violated, by a multiplicative

i
min

constant, in each of these cases. Thus, we conclude that d is not a quasi-metric and d
and d’_. are not metrics.

avg

Experimentally, we find that all the distances d, d’, d. ., and d., violate the triangle

min’ avg

inequality also in several real-world datasets.

Related Work. Chatterjee’s coefficient and its estimator have attracted much atten-
tion. They have been used for tests of independence (Shi et al., 2021), for clustering
tasks (Fuchs and Wang, [2024)), for causal inference methods (Chatterjee and Vidyasagar,
2024), and they have been studied in combination with other correlation coefficients such
as Spearman’s (Zhang, 2024). The correlation coefficient has also been generalized using
alternative construction principles (Ansari et al., 2025; |Gao and Li|, 2024) and adapted to
test conditional dependence (Azadkia and Chatterjee, [2021). Properties of the correlation
coefficient have also been investigated. Specifically, it has been shown that the coefficient
is not continuous with respect to weak convergence (Biicher and Dette, [2024; |/Ansari and
Fuchs, 2025)); however, it respects a version of the data processing inequality (Chatterjee
and Vidyasagar, 2024)). Other estimators have also been proposed, with better theoretical
convergence guarantees (Lin and Han, 2022b; |Xia et al., 2024). Despite the great deal of
attention, to the best of our knowledge, the metricity of the coefficient has not been studied
before (Chatterjee, Personal communication, 2024).

The triangle inequality is not a necessary property for a distance measure but, neverthe-
less, it is desirable and has been extensively studied. In cases where the triangle inequality
is violated, researchers have tried to identify alternatives which satisfy the triangle inequal-

ity, particularly for well-studied correlations such as cosine similarity (Schubert, |2021)



(van Dongen and Enright| 2012), as well as Pearson and Spearman correlations (van Don-
gen and Enright, 2012; (Chen et al., 2023). Our work highlights how proving a violation
of the triangle inequality for the Chatterjee correlation is non-trivial. Moreover, it shows
that the straightforward approaches used to enforce the triangle inequality for cosine sim-
ilarity, Pearson, and Spearman correlations (e.g., taking the square root) do not work for

the Chatterjee correlation.

Notation. For random variables X, Y, we use the standard notation Fyy (z,y) = Pr[X <
z,Y < y| for the joint cumulative distribution function (CDF) and fxy(z,y) for the
joint probability density function (PDF). Recall that fyy is the derivative of Fxy in the
distributional sense. We use the analogous notation fx, F'x for a single random variable.
We use 0(+) to denote the Dirac delta function. We use X L Y to denote X and Y are
independent. For a > 0, let U(0,a) denote the uniform distribution on [0,a]. We use
X ~ D to denote that the random variable X is distributed according to D.

Organization. We prove our main result and its implications in Section 2] In Section
we prove our result on the asymmetric distance function d and in Section {4 we show

that other symmetric functions, including d/ . and d’ . , also do not satisfy the triangle

avg min’
inequality. In Section [5| we report our experimental findings. We conclude with some final

remarks in Section [6l

2 Symmetric Case

In this section, we show that the distance function d'(X,Y') can violate the triangle inequal-
ity arbitrarily. We do so by exhibiting an explicit construction of three random variables.

Specifically, we will prove the following:

Lemma 1. Choose any € € (0, %) and let a, B ~ U(0, %), a L B. Define:
(i) A= 1{azq,
(i) B =B+ 1azg,

(iii) C = a.



Figure 1: Construction of Lemma , v =1—4e(1—2¢) > 1—4e. The weight of the directed
arc (X,Y) is d(X,Y). Note that d'(X,Y) = min{d(X,Y),d(Y, X)}. Also note that the

directed triangle inequality is satisfied in this construction.

Then, £(C,A) = E(B,A) =1 and £(A,C) = (A, B) = &(B,C) =&(C,B) = 4e(1 — 2¢) <
4e.

The intuition behind the construction is that A is both a function of C' and a function
of B, therefore it will be at distance 0 from both of them using d’. However, B and C' are
almost independent, indeed, they are independent under the conditioning that @ > €, and
thus, their distance will be close to 1. See Figure [I| for a visualization of the construction.

Before proving the lemma formally, we show its implications. We start by showing that

d'(X,Y) neither satisfies the triangle inequality nor any approximation of it.

Theorem 2. For any p € (0,1), there exists three random wvariables A, B,C such that
d(B,A)+d(AC)<p-d(B,C)and d(B,A)+d(A,C)<d(B,C)+p—1.

Proof. Consider the construction of Lemma (1] with € = £. Then, d'(B, A) + d'(A,C) =0
and d'(B,C) >1—4e¢=1— p> 0. The statement follows. O

Note that, not only d'(X,Y’) does not respect the triangle inequality, but it might also
hold d'(X,Y) = 0 for two different random variables X,Y. Actually, the construction of
Lemma (1| shows that the relation of being at distance 0 is not transitive. Note that the
construction of Lemma (1| also shows that other transformations used for Spearman and

Pearson correlation to obtain a metric (van Dongen and Enright, 2012), do not work for

Chatterjee correlation, specifically, \/ 1—(¢(X,Y))t, with ¢t > 1, can also violate triangle

inequality arbitrarily.



We can also obtain the minimum ¢ such that ¢ — &'(X,Y’) indeed respects the triangle

inequality.

Theorem 3. Let d.(X,Y) = ¢ — &(X,Y), for ¢ > 1. Then, d, satisfies the triangle
inequality iof and only if ¢ > 2.

Proof. If ¢ < 2, consider the construction of Lemma |1| with ¢ = % — ¢, then, d,(B, A) +
d.(A,C) =2(c—1), while d.(B,C) > ¢ — 4e = 2(c — 1). Instead, if ¢ > 2, for any X, Y, Z,

(Y, X) +d(X, 2) > 2(c—1) > ¢ > d(Y, Z). =

Now, we proceed to proving Lemmal[l] The approach is to use the definition of the three
random variables to explicitly compute the six Chatterjee coefficients. We will make use
of the following simplification of the coefficient £(X,Y") that holds when Y is continuous
(i.e., for any y € R, Pr[Y = y] = 0). This characterization was first given in (Dette et al.|
2013, Theorem 2) and was proven to be equivalent to Equation by [Dalitz et al.| (2024]).

Theorem 4 (Theorem 1 of (Dalitz et al., 2024)). For continuous random variable Y, it
holds:
fxv)=o [ (/ PrY >y | X = o fx() dx) ) dy—2.

We now proceed to prove our Lemma.

Proof of Lemma[1. By construction A is a function of C', and hence by (Chatterjee, 2021,
Theorem 1.1), we have that £(C, A) = 1. Similarly, A is a measurable function of B, indeed
A = 1(p>13 and hence {(B, A) = 1. Note that fc(c) =2 1jo<c<i1/2) and:

Aet fo<t<s 4e ifo<t<g
Fp(t) = 4 2¢ ifl<t<1 and fp(t)=q92—4e ifl<t<?
2e+(2—4e)(t—1) ifl1<t<3, 0 otherwise.

We now compute (A, C) and &(A, B). Since A is distributed as a Bernoulli distribution

of parameter 1 — 2¢, by using Theorem [4| we have:

/
f(A,C’):12/012(26-Pr[02t|A:0]2+(1—2€)-Pr[02t|A:1]2) dt — 2
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~12 </062e(e—t)2dt+(1—26) <e+[/2 G:;i)Q dt)) —2

— 12 (%62+(1—2e) (e+ 1_62€>) — 2= 4e(1 — 2¢).

We can similarly compute £(A, B):

g(A,B):/_OO (2¢-Pr[B>t|A=0"+(1—2¢)-Pr[B>t| A=1]) fp(t)dt — 2

- 1/2 3/2
:246/ (26 - Pr[8 >t + (1 — 2¢)) dt+12(1—2e)2/ Pr[3 >t — 1 dt — 2
0 1

24e(1 — 2 1/2
— ¥ + (48¢* 4+ 12(1 — 2¢)?) - / (1—2t)*dt —2
0

= 12¢(1 — 2€) + 8€* + 2(1 — 2¢)* — 2 = 4e(1 — 2¢).

Next we compute £(B, C') and £(C, B). We first derive the joint PDF fo (e, b). Specifically,
for b € [0,3],c € [0, 3] it holds,

4cb ifbg%,c<e
4eb 1fb§§,c>e
Fe(c,b) = 4 2¢ ifb>1,c<e

4b—1)(c—e)+2¢ ifb>1c>¢€

\ 0 otherwise.

4 if(b<3, c<eor(b>1, c>e)
fC,B<C7b):

0 otherwise.

Applying Theorem {4| we can calculate £(B,C). We have that,
1/2  poo
5(3,0):12/ / Pr[C >t | B =0’ fz(b)dbdt — 2
0 —0o0

1/2 p1/2 1/2 p3/2
:—2+486/ / Pr[Czt|B:b]2dbdt+(24—486)/ / Pr[C >t|B =0 dbdt
0

/2 r1/2 oo 1/2 2
:_2+486/ / (/ fC’B—(C’b)dc) dbdt + (24 — 486/ / ( * fon(e b)b)dc) db dt
¢
3/2 5
:—2+486 —dc dbdt+(24 48¢) Iy de| dbdt
max{t,e}
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48 € [1/2 24 1/2  r3/2
:—2+—// (e — 12 dbdt + / / (12 max{t,})? bt
12 [

/ (1 —2-max{t,e})*dt

1—2¢e /g
1/6 — 2€° + 8/3¢%)

=248+

= _924 824
+ e+1_2€(

= 4e(1 — 2e).

Moreover, with a similar calculation we get that £(C, B) = &(B,C). The proof is thus
complete. O

3 Asymmetric Case

In this section, we present a construction that is weaker in terms of violation, but shows
that the directed triangle inequality is violated for the distance function implied by the
asymmetric Chatterjee coefficient, thus showing it is not even a quasi-metric. Interestingly,
the construction in Lemmall]satisfies the directed triangle inequality; see Figure[l] Instead,

we will make use of a different construction that we analyze later.

Lemma 5. Choose any a € (0, %), and letb=1—a. Let S;T ~U(0,1), S L T. Define
() A=S,

(
S if S<a
(ii) B =
a+(1—a)T ifS>a,
\
(
b-T ifS<b
(ii) C =
S if S >b.

\
Then, £(A,B) = {(B,A) = {(A,C) = £(C,A) = a2 —a) and {(B,C) = £(C,B) =

1—5a+8a%—2a3
1—a :

Using this, we show the asymmetric distance d does not respect the directed triangle

inequality.

Theorem 6. There exists random variables A, B,C" such that d(B,A) + d(A,C) < 0.92 -
d(B,C), and d(B, A) + d(A,C) < d(B,C) — 0.05.



Proof. Let A, B,C be the variables of Lemma |5, for some a € (0,1/2). Let f(a) =

—a)?
a(a(21—4C)L+2) - Then,

d(B,A) +d(A,C) _ 2(1—-a(2—a)) _ ‘o
d(B,C) | — betsa’—2? :

l—a

We have that f'(a) = % and so f has a minimum at a = v6 — 2 ~ 0.45.

Moreover, f(v/6 —2) ~ 0.919 < 0.92. Similarly, let g(a) = d(B, A) + d(A,C) — d(B,C) =
20-20)(@*~3a+1) ()pe can check that g(v/6 —2) =~ —0.053 < —0.05 (although v/6 — 2 is not

l—a

a minimum of g). The proof is thus complete. ]

We now proceed to prove Lemmalfi] As for the proof of Lemmall] we explicitly compute

all six Chatterjee coefficients using the definitions of the random variables.

Proof of Lemmal3. Since, for t € [0,1], Pr[B < t] = Pr[C < t] = t, we have fa(t) =
I[B(t) = fo(t) = Llp<<iy. We first compute all the joint PDFs, and then finish the

computation of the Chatterjee coefficients. For 0 <u <1, 0 <wv < 1, we have,

min{u, v} ifu<aorv<a
Fyp(u,v) =
a—+ (u—a)(v—a)

i if u>a,v>a.

—a

Thus, fap(u,v) =0if v <0orwv >1oru<0oru>1, otherwise, for 0 < u,v < 1, we
have,

d(u—v) fu<aorv<a
fA,B(uvv) =

|H

ifu>a,v>a.

—
|
)

For 0 < u,v <1, we have,

v ifu<buv<bd

U ifu<bv>b
FA70(U,U):

v ifu>bv<b

min{u,v} if u>b,v >0.

Thus, fac(u,v) =0if v <0orwv > 1oru<0oru> 1, otherwise, for 0 < u,v < 1, we

have,

% ifu<buv<bd

fA,C(u7U) -
d(u—wv) ifu>bov>0b.
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For 0 < u,v <1, by using that b =1 — a, we have,

(

o ifu<a,v<b
a

U ifu<a,v>b

Fgo(u,v) =

2+ 20 minfv,u—a} ifu>a,v<b

a+w if u>a,v>0.
\

Thus, by using that b = 1 — a, we have fpc(u,v) =0if v <0Oorv>1oru<0oru>1,

otherwise, for 0 < u,v < 1, we have,

— ifu<a,v<bd
fBo(u,v) = % ifu>av>0b

22 5(u—a—v) ifu>av<b

We are now ready to compute the Chatterjee coefficients. Recall that, for a < f,
fﬂ (x — ) dx = 1ia<y<py, and §(z) = §(—x). Thus, by Theorem ,

§(AB—2+6// </ fABuv)dv)Qdudt
:—2+6(// (/ (u—v) U) dudt+/1/l</OOfA,B(u,v)dv)2dudt>
—avo( [ [wayaoans [ [ ([ suateran)

11 </ DED
e [ [ (s [ )
:_2+6(3a+261—a [ dudt):a@_@.

By a similar calculation, we have that £(B, A) = a(2 — a) = £(A, B). Next, we proceed to
compute (A, C).

§(AC—2+6// (/ fACuv)dv>2dudt 2
:_M(// ([ L) wwars [ [ ([ sww) dudt)

11




b _\2 1 1
:—2+6</ Ul ar [ f dudt)
0 b 0 Jmax{bt}

=1-V"=a(2—a),

where we used that b = 1—a. By asimilar calculation, we have {(C, A) = a(2—a) = £(A, C).
Finally,

5(3,0):_2%/1/1 (/OofB@(u,v)dv)Qdudt
:_2+6(// (/tl_a U) dudt+// (/ fBCuv)dv>2dudt

[T ([ U)Qdm)
=-2+6 13—a e //(/tbll—_Qaa.5(u_a_v)dv+/blliadv>2dudt)
_ 946 (1—1a_a // (1—201 11{t_+aa<u<1}+“> dudt>
el [ ([ s [ )

1—a)? 3 1
:—2+6(a( @) +a —|—a—§+(1—a)2)

3(1—a)
_ 1—5a+8a®—2d°
B 1—a '
With a similar calculation, we also get £(C, B) = £(B, C). O

4 Other Symmetrizations

While we have shown neither the symmetric distance d’ nor the asymmetric distance d is
a metric, a natural question is to ask if there are other ways to define a symmetric version
based on d that might make it a metric.

A natural way to construct other symmetric versions of the coefficient is the following.
Let @ : [0,1]> = Rso be a symmetric function. Define the generalized symmetric distance

as dj(X,Y) = ®(1 — £(X,Y), 1 — £(Y, X)) = ®(d(X,Y),d(Y, X)).

12



Theorem 7. Consider a symmetric ® : [0,1]*> — Rs¢ and suppose that there exists a €
(0, %) such that for vy = (1 —a)? and vy = %‘Zaﬁ) it holds that 2 - (v, v1) < P(ve, v3).

Then, there ezists random variables A, B, C" such that dy(B, A) + dp(A,C) < dy(B, C).

Proof. Consider the random variables A, B, C' of Lemma [5| with the parameter a of the
statement. Then, di(B,A) = dp(A,C) = ®(vy,v1) and dip(B,C) = P(va,v). Thus,
do(B, A) + do(A,C) = 2 - P(v1,v1) < P(v2,02) = d(B,C). 0

In particular, we consider the following two natural ways to define a symmetric notion

(X,Y) =1 —min{¢(X,Y),&(Y, X)} and d,,,(X,Y) = 1 — &0

of distance: d! ave

is easy to see that Theorem [7| applies to these two distances for, e.g., a = v/6 — 2.
Differently from using the maximum function, the relation of being at distance 0 is tran-
sitive for these two distances. Indeed, by (Chatterjee, 2021, Theorem 1.1), d/, (X,Y) =0
and d,,(X,Y) = 0if and only if X = f(Y) and Y = g(X) for two measurable functions f, g
(see also (Fuchs and Wang, [2024, Theorem 2.7)). Therefore, if d,; (X,Y) =d, ., (Y, Z) =0

min min
then d (X, Z) = 0 because the composition of measurable functions in the same o-algebra
is also measurable. Then, one might hope to obtain a metric by restricting to the equiva-
lence classes of the relation of being at distance 0, but, unfortunately, the same construction
of Lemma [5| shows that these distance functions on the equivalence classes also do not sat-
isfy the triangle inequality. Indeed, the random variables A, B, C' of Lemma [5| belong to
different equivalence classes, being at distance larger than 0 from each other. We mention
that Siburg and Stoimenov| (2010) also studied symmetric measures of dependence that
evaluate to 1 if and only if X is a function of Y and Y is a function of X.

Our constructions also applies to generalizations of the distance d’. Formally, we have:

Theorem 8. Consider a symmetric ® : [0,1]> — Rxq and suppose that ®(0,0) = ®(u,0) =
®(0,v) = 0 and ®(u,v) > 0 for all u,v € (0,1]2. Then, there exists random variables
A, B, C such that dp(B, A) + dy(A,C) < dp(B,C).

Proof. Consider the random variables A, B, C' of Lemma (1| with € = }L. Then, d,(C, A) =
®(0,3) =0 and dg(A, B) = ®(3,0) = 0. Instead, di(B,C) = ®(3,3) > 0. O

We highlight that Theorem |8 applies to the class of distances considered by |Fuchs
and Wang] (2024) for clustering tasks in their Corollary 2.3.(A), showing that none of the
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distances in such family is a metric.

5 Experiments

In this section, we aim to answer the following question: while the distance measures
implied by the Chatterjee coefficient are not metrics in theory, is the triangle inequality
violated in practice? To answer this question, we consider many real-world datasets, con-
sisting of several random variables, and we compute two quantities: the first captures the
magnitude of the violations, and the second captures how many violations arise in the
datasets. Specifically, first, for each dataset, we compute the worst possible additive vi-
olation of the triangle inequality (if any violation exists). The second quantity consists
in computing, for each = € {1,...,100}, in how many datasets the % of undirected and

directed triples violate the triangle inequality.

5.1 Experimental Setup

To compute the Chatterjee correlation coefficient, £(X,Y), in practice, we use the estimator
£.(X,Y) proposed by |Chatterjee| (2021)), which can be computed efficiently and using only

a finite number of samples from the joint distribution of (X,Y).

Hyperparameters. We set n = 5 -10%, which is of the same order of magnitude as the
parameter used by (Chatterjee (2021). We repeat each computation of &, five times, and

report confidence intervals with respect to these five runs.

Datasets. We use 80 datasets from the UCI Machine Learning Repository (Kelly et al.|
2024)). Each of these datasets is meant to be used for classification, regression, or clustering
tasks and consists of features and instances. For our purposes, each feature is a random
variable, and to obtain a draw from the joint distribution, we sample a uniform at random
instance and return the corresponding feature values. We use only continuous features with-
out missing values. All datasets are publicly available in the UCI Python package, which

is released under the MIT license.ﬂ More precisely, we used all the datasets available in the

'https://github.com/uci-ml-repo/ucimlrepo

14


https://github.com/uci-ml-repo/ucimlrepo

Python package with a number of features between 3 and 100, for computational reasons.
These datasets span from 1993 to 2024 and contain some well-known machine learning
datasets such as Abalone (Nash et al., [1994)) and Breast Cancer Wisconsin (Wolberg et al.)
1993)), just to name a few.

The experiments were done on a standard desktop computer.

oo Max Violation across Datasets

a’ ¢
’ *f
0.75- ~** d'min J
d'avg j
0.50 d .M
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S o
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© -
2 e
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5 : e ool e
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° g ®
< *
x —=0.25
©
2 !
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datasets

Figure 2: For each dataset, we report the worst possible additive violation of the triangle
inequality. The line of each distance is sorted in increasing order, independently of the

others. The standard deviation with respect to the random seed is negligible.

5.2 Maximum Violation

For a dataset consisting of random variables X1,..., Xy, we compute the worst possible

additive violation of the triangle inequality, i.e., for a distance D € {d,d’,d,,,,d. ..},

avg)

”rl?el[r]lv} D(X;, X;) + D(X;, Xi) — D(X;, Xk).
#7107k, j#k
Note that if this value is positive, the dataset satisfies the triangle inequality. We report in
Figure [2| the results for all the datasets. Note that distance d’, that uses max to symmetrize

the coefficient, reaches a violation of almost —1, the worst possible, for two datasets.
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Figure 3: For each possible percentage of violated triples, we report the number of datasets
violating at least that fraction of triples. The shaded area corresponds to one standard
deviation with respect to the random seed. The maximum number of datasets is 38 in

these plots.

Moreover, most datasets (46 out of 80) violate triangle inequality in at least one triple
using d’. The three other distances are generally more robust than d' to violations of
triangle inequality, but they can still reach a violation as low as —0.5. Overall, triangle

inequality can be badly violated in real-world datasets.

5.3 Distribution of the Violations

In this section, we aim to understand how many triples of random variables violate the trian-
gle inequality in the datasets. We consider both undirected /unordered and directed /ordered
triples. More precisely, we say that an undirected triple of random variables violates the
triangle inequality if there exists an ordering of the random variables for which they violate

the triangle inequality. More formally, {X;, X5, X3} violates the triangle inequality if the
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following quantity is negative,

min D( X1y, Xr@2) + D(Xr@), Xx@3) — D(Xr), Xa3)),

€Sy

i} We
instead say that a directed triple (X7, X3, X3) violates the triangle inequality if D(X;, X3)+
D(X5, X3) — D(X1, X3) is negative.

where Sj is the set of permutations on three elements, and D € {d,d’, (-

Since the datasets have different number of features (i.e., random variables), we look at
the fraction of triples violated in a dataset rather than the total number. More precisely,
fixed a percentage of violated triples z € {1,...,100}, we compute, for undirected triples,

the number of datasets such that,

100
TN\ Z 1{{Xi7Xj,Xk} is violated} > x,

( 3 ) i<j<ke[N]
where the considered dataset has random variables {X3,..., Xy }. For directed triples we

perform the analogous check,

100
1 i 5<% 5 is violate 2 .
N(N — 1)(N — 2) ‘ Z {(X’Linyxk) lated } i
Zv]vkE[N]’
i ik, j#k

Several datasets in the 80 that we consider have only a few number of random variables.
This would artificially boost the percentage of violated triples. Thus, in this part of the
experiment, we restrict to the 38 datasets that have more than 7 features (the median
value). We report the results in Figure [3|

We can see that, for undirected triples and using distance d’, there are datasets for
which more than 70% of the triples are violated. Again, the other distances are more
robust but they can still reach more than 50% violated triples. The number of violated
directed triples is substantially smaller, but still significant: with all four distances there

are datasets with more than 10% violations.

6 Conclusion

We showed that the symmetric distance, d’, implied by the Chatterjee correlation coefficient

and by using the max function to symmetrize it, does not respect the triangle inequality,
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not even approximately. We also showed that none of d, d._, d

avg) “min

respects the triangle

!

inequality. However, our second construction does not rule out the possibility that d, d,,

or d . satisfy an appproximate vesion of the triangle inequality. This is a natural direction
to further investigate and we leave it as an open question. Our experiments suggest that
the additive violation of Theorem [6]is not optimal. However, since the datasets consists of
many instances, the random variables that we used in the experiments are discrete with a
very large support, and are therefore analyzable only experimentally.

While we showed that none of d, d', d., d.

avg’ “min

satisfies the triangle inequality in gen-
eral, it might still be that these distances are metrics when restricted to some classes of
distributions. This is another interesting direction to explore.

Finally, one can think of other ways to obtain a symmetric version of the coefficient for
which our constructions do not apply. For instance, Fuchs and Wang) (2024) considered
1—¢(X,Y)-£(Y,X) and 1 — max{0,£(X,Y) + &(Y, X) — 1}. We leave open the problem

of classifying the metricity of these and other distances.

Data and code availability. The code to reproduce the experiments is available on
GitHub at: https://github.com/mirkogiacchini/metricityChatterjeeCoefficient.

The data is publicly available at: https://github.com/uci-ml-repo/ucimlrepo.
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